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The Expectation-Maximization (EM) Algorithm

- Qverview

- It is an iteratve dgorithm that starts with an initial estimate tpand iteratvely
modi(Ees to increase the ldihood of the obserd data.

- Works best in situations where the data is incompleteanrbe thought of as
being incomplete

- EM is typically used with mixture models (e.g., mixtures of Gaussians).

- The case of incomplete data

- Mary times, it is impossible to apply ML estimation because we can not mea-
sure all the features or certain featuaéues are missing.

- The EM algorithm is ideal (i.e., it produces ML estimates) for problems with
unobsered (missing) data.
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- Incomplete pdf can be deed from complete pdf:

p(y/q) = C\) . c\)p(X/Q)deissing



- An example
- Assume the follving two dasses in a pattern-recognition problem:
(1) A class of dark object
(1.1) Round black objects
(1.2) Square black objects
(2) A class of light objects
Completedata and pdf:

éXx; U number ofround darkobjects
X = SXZH number ofsquare darkobjects
e number oflight objects

DX, X, Xalq) = (—)LIAY(LIA+ gIA)=(LI2 - qla)*
X! Xl X4

Obsened (incompleteylata and pdf:

_ €y, U €éx + x,U number ofdark objects
Y gyzg Z X3 3 number oflight objects

(mary-to-one mapping !')



- EM: main idea and steps
- If x was available, then we could use ML to estimatg.e.,
arg max, In p(D/q)

ldea: maximize the ®pectation ofp(x/qg) given the datay and our current esti-
mate ofg.

1. Initialization stepinitialize the algorithm with a gueg8

2. Expectation stept is with respect to the unknm variables, using the current
estimate of parameters and conditioned upon the ciigars.

Q(4;¢") = Ex,.....(In p(Dy/q) I Dy,q")

* Expectation is wver the \alues of the unobsexd \ariables since the
obsered data is (Ex.

*When Inp(D,/q) is a inear function of the unobsexd \ariables, then the
above gep is equialent to ENding (XynopservedDys q")

3. Maximization stepprovides a ne/ estimate of the parameters.

g™ = arg max, Q(g; ¢")

t+1

4. Corvergence stepif [|g™* - ¢Y|| < e, stop; otherwise, go to step 2.




| M-Step:
Compute Maximum Likelihood
[ Estimate of Parameter 6%
Using Estimated Data
|

/

- An example (contd))
- Assume the follving two dasses in a pattern-recognition problem:
(1) A class of dark object
(1.1) Round black objects
(1.2) Square black objects
(2) A class of light objects
Completedata and pdf:

éx; u number ofround darkobjects
X = gng number ofsquare darkobjects
&%z (] number oflight objects

DX, X, Xalq) = (- YLIAY(LIA+ gIA)=(LI2 - qla)*
Xq! Xl X4

Obsened (incompleteylata and pdf:

_ €y, U €éx + x,U number ofdark objects
Y gyzg Z X3 H number oflight objects

(mary-to-one mapping !')

Expectation stepcomputeE(In p(D,/q) / Dy, "8))




P(D:/9) = B, plx/a) ==> In p(D,/q) = Sin p(x/q) =

Sin(— Y+ g IN(LA)+ X, IN(L/A +gI4) + x5 IN(LR - gl4)
i X! X2 Xig!

1= SE[IN(— /D, '] + E[%1/Dv, '] In(L/4) +
ElIn P(D./a)/Dy '] = SEMIN( /Dy, ']+ Elxu/Dy '

E[X2/Dy, '] IN(L/4 + gI4) + Xi3In(LR2 - gl4)

Maximization stepcomputeg'™ by maximizingE(In p(D,/q) / Dy, q")

2+ E[X2/Dy,q'] - Xi3

d +H
— E[In p(D4/q)/Dy,q"1 =0=>¢"" = E[X2/Dy, g1 + X3

dg

Expectation step (comf): estimatingE[x;,/D,, q']

&i10 i i1” Xi2 —1
P(Xi2/Yi1, Yi2) = P(Xi2/Yi1) = éx:20(1/4)x (1/4+ q14)¥v* (A2 + gAY
) 1/4
E[X|2/Dy,q] = yil 1/2+qt/4
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- Convergence pioperties of the EM algorithm

- At each iteration, aalue ofg is computed so that the &khood function does
not decrease.

- It can be shan that by increasin@(q; ¢') = Ey_ . (In p(D,/q) / Dy, ¢") with
the EM algorithm, we are also increasingiD,/q).

- This does not guarantee that the algorithm will reach the ML estimlaiea(
maximum) and, in practice, it may get stuck in a local optimum.

- The solution depends on the initial estimgite

- The algorithm is guaranteed to be stable and teerga to a ML estimate (i.e.,
there is no chance ofVershooting" or drerging from the maximum).
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Maximum Lik elihood of mixtures via EM

- Mixtur e model

- In a mxture model, there are marisub-models”, each of which has it&ro
probability distrilution which describes it generates data when it is a€ti

- There is also a "met" or "gate" which controls he often each sub-model is
active.
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- Formally, a mxture is de®ned as a weighted sumkotomponents where each
component is a parametric density functyx/qy):

p(xiq) = kél D(XIGpx

- Mixtur e parameters
- The parameterg to estimate are:

* the \alues ofp,
* the parameterg, of p(x/qgy)

- The component densitigg x/q,) may be of diferent parametric forms and are
speci®ed using knaledge of the data generation processyadilable.

- The weights, are themixing paametes and thg sum to unity:
K
Spc=1
k=1

- Fitting a mixture model to a set of obsatiens D, consists of estimating the



set of mixture parameters that best describe this data.
- Two fundamental issues arise in mixture ®tting:
(1) Estimation of the mixture parameters.

(2) Estimation of the mixture components.

- Mixtur es of Gaussians

- In the mixtures of Gaussian modekx/qg,) is the multvariate Gaussian distri-
bution.

- In this case, the parametegsare (7, Sy).

- Mixtur e parameter estimation using ML

- As we haveseen, gien a £t of dataD=(X;, X5, ..., Xp), ML seeks the alue ofg
that maximizes the folleing probability:

p(D/g) = P p(xi/q)
=1

K

- Since p(x;/q) is modeled as a mixture (i.ep(x;/q) = S p(xi/q)py) the abee
k=1

expression can be written as:

p(DIg) =P S p(xi/ap
k=1

i=1 k=

D/
- In general, it is not possible to sel\:l/TM = 0 eplicitly for the parameters

and iteratte £hemes must be empied.
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Estimate the means of K Gaussians using EM (special case)
- Data generation piocess using mixtues

- Assume the datB is generated by a probability distniion that is a mixture of
k Gaussians.

o~
1
p

k=2
- Each instance is generated using a-step process:

(1) One of theK Gaussians is selected at random, with probabilities
P, P25+ -+ PK -

(2) A single random instance is generated according to this selected distri-
bution.

- This process is repeated to generate a set of data points

- Assumptions (this example)

(1) py = pp =+ = px (uniform distrikution)

(2) Each Gaussian has the saragances 2 which is knavn.

- The problem is to estimate the means of the Gausgiari#, m, ..., k)

Note: if we knev which Gaussian generated each datapoint, therouldvbe



easy to ®nd the parameters for each Gaussian using ML.

- Involving hidden or unobsewed variables
- We @an think of the full description of each instan¢eas
Yi=(Xi, z)=(Xi, Zi1, Zi2s - -+, Zik)

wherez is a class indicatorector (hidden ariable):

. _ 11 if x, was generatedby j- th component
! }0 otherwise

- In this casey; are obserable andz non-obserable.

- Main steps using EM

- The EM algorithm searches for a Migothesis through the follang iteratve
scheme:

(1) Initialize the lypothesisy®=(nd, nd, ..., n%)

(2) Estimate thex@ected alues of the hiddenaviablesz; using the current

hypothesisy'=(ni, m, ..., nk)

(3) Update the ypothesisg™=(m™, n}2,..., nkY) using the gpected alues
of the hidden ariables from step 2.

- Repeat steps (2)-(3) until coergence.
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- Derivation of the Expectation-step
- We nust derve an expression folQ(g; ¢') = E, (In p(D,/q) / Dy, q")

(1) Derwve the form of Inp(D,/q):

n
P(Dy/q) = P p(yi/q)
- We can write p(y;/q) as follows:
p(yi/q) = p(xi, z/q) = p(Xi/z, ) p(z/q) = p(xi/q;)p;
(assumingz;=1 and z, =0 fork * j)
- We can ravrite p(x/g;)p; as follows:
K 5
P(yi/g) = PIp(Xi/gi)pid ™
- Thus, p(Dy/g) can be written as folles (p's are all equal):
D,/q) = P P p(xi/g]
p(Dy/q) = P P[p(x/qi)]

- We haveassumed the form qi(x;/g) to be Gaussian:

R
p(xi/qi) = sézp exfd- %], thus

5 Zix — L K 2

kFil[ P(Xi /g )] ™ = 20 eXF{ § Zy (X - m)°]

which leads to the folleing form for p(D/qg):

p(DyIQ) = i exq S Z|k(X| n?()z]

1
sQ@p
- Let's compute nw In p(D,/q):

K

I p(0ia) = §in —o- 55 St - m?)
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(2) Take the epected ®lue of Inp(D,/q):

E;(In p(Dy/q)/Dy,q") = E(S(in - SZ.k(X. m)%)) =

i1 sCp 22

Sin -~ = Y S e - my?
Sin &p 252 k§1 E(zi)(X - m)?)

- E(zy) i1s just the probability that the instangewas generated by thi-th com-
ponent (i.e.E(Zik) = Szij P(Z”) = P(Zik) = P(k/X,)
j

ex(d- zsn{()z
E(zi) = (x - 7Y
j§1 exd- 5a2 ]
- Derivation of the Maximization-step
- MaximizeQ(q; ¢') = E,(In p(D,/q) / Dy, ")
S E(zk)x;

B =0 or /7'}:1 = —i:]"’]
T S E(z)
i=1



- Summary of the two geps
- Choose the number of componeHKts

Initialization step

ge=m,

Expectation step

N2
- exl- = 25/27@ ]
E(zi) = (% - )2
2o T
Maximization step
n E(zk) X
=

SE(z)
i=1
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Estimate the mixture parameters (general case)

- If we knew which sub-model as responsible for generating each datapoint,
then it would be easy to ®nd the ML parameters for each sub-model.

(1) Use EM to estimate which sub-modehsmresponsible for generating each
datapoint.

(2) Find the ML parameters based on these estimates.

(3) Use the ne ML parameters to re-estimate the responsibilities and iterate.

- Involving hidden variables

- We db not know which instance; was generated by which component (i.e., the
missing data are the labels shag which sub-model generated each datapoint).

- Augment each instance by the missing information:
yi = (X, )
wherez is a class indicatorectorz; = (z;, zy, . . . , Zj):

, _ 11 if x; generated byj - th component
: _% 0 otherwise

(x; are obserable andz non-obserable)
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- Derivation of the Expectation step
- We nust derve an expression folQ(g; ¢') = E, (In p(D,/q) / Dy, q")

(1) Derwve the form of Inp(D,/q):

n
P(Dy/q) = P p(yi/q)
- We can write p(y;/q) as follows:

p(yi/g) = p(Xi z/q) = p(Xi/zi, q) p(zilq) = p(Xi/g;)p;
(assumingz;=1 and z, =0 fork * j)

- We @n revrite the abwe expression as folles:

p(yi/a) = P[p(/ g™

- Thus, p(Dy/qg) can be written as folles:

n K
P(Dy/q) =P P[p(Xi/gi)pd -

- We aan nav compute Inp(D,/q)

In p(D,/g) = S élzik In (p(x /g i) =

n K

S ziIn (p(x/a) + S S zicIn (03

n
i=1 k=1 i=1 k=1
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(2) Take the epected ®lue of Inp(D,/q):

E(in P(O,/a)/D ) = S :sl E@In (p(x/gh) + S kKsl E(z)ln (o)

- E(zy) is just the probability that instance was generated by thd-th
component (i.e.E(Zik) = _Szij P(ZU) = P(Zik) = P(k/X|)
j

p(Xi/qr)pk

E(zk) =
% p(xi/q})p]
J:

- Derivation of the Maximization step

K
- MaximizeQ(q; ¢') subject to the constrairf§ p, =1:
k=1

Q") = S S E@IIn (p(x/ad) + S S E@JIn (o) + /- S p)
i=1 k=1 i=1 k=1 k=1

where/ is the Langrange multiplier

Q¢ _

n 1 + 1n
0O or S E(Zik) —-/=0 or P|t< =2 S E(Zik)
Mok i=1 P ni=

k

K K n
(the constrainS p, =1 gves S SE(zy) = /)
k=1 K

=t
Qe a_ 1 ]
T 0 o njt= o i§1 E(zi)X
Q¢ ¥ 1 0 ¥ +
15 =0 o S'= ot |§1 E(zi)(Xi - m)(xi - mh)'



- Summary of steps
- Choose the number of componeHKts

Initialization step

ge=(oR, M. SR)

Expectation step

X'/qt pt
§1 p(xi/g})p]
j=

Maximization step

1 _ 1 &
P = — SE(z)
ni=z

1 n
n,}:l — nplt("'l i§l E(Zik)xi
1

t+l _
S =

éE(zik)(xi - - )T

np|t<+1 :

(4) If lg*™ - 4'|| <e, stop; otherwise, go to step 2.



- Estimating the number of components K
- Use EM to obtain a sequence of parameter estimates for a raregjaesiv
{Quys K=Kpins---Kmaxt
- The estimate oK is then de®ned as a minimizer of some cost function:
K = arg ming(C(Qk), K), K=Kpiny---Kmax

- Most often, the cost function includesp(D,/q) and an additional term whose
role is to penalize lge \alues ofK.

- Seveaal criteria hae een used, e.g., Minimum description length (MDL)



Lagrange Optimization

- Suppose we ant to maximizef (x) subject to some constraink@essed in the
form:

9(x)=0
- To ®nd the maximum, ®rst we form the Lagrangian function:
L(x, /)= f(x) +79(x)
(/ is called the Lagrange undetermined multiplier)
- Take the denvative and set it equal to zero:

fLex /) 11, T9(x) _
ix ix ix

- Solve the resulting equation far and the alue x that maximizes (x)

0




