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Fourier Transform

• Reading Assignments

R. Gonzalez and R. Woods,Digital Image Processing, Addison-Wesley, 1992 (pp.
81-100,hard-copy)

• Case Studies

T. Wallace and P. Wintz, "An efficient three-dimensional aircraft recognition algo-
rithm using normalized fourier descriptors",Computer Graphics and Image
Processing, vol. 13, pp. 99-126, 1980 (hard-copy).

H. Spies and I. Ricketts, "Face Recognition in Fourier Space"Vision Interface, pp.
38-44, 2000 (on-line)

G.Voyatzis, N.Nikolaidis and I.Pitas, "DIGITAL IMA GE WATERMARKING : AN
OVERVIEW", ICMCS, Vol. 1, 1999 (on-line).

Ruanaidh, Joseph J.K.Ò.; Pun, Thierry "Rotation, scale and translation invariant
spread spectrum digital image watermarking",Signal Processing, vol. 66, no. 3,
pp. 303-317, 1998 (on-line).
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Complex numbers review

• Definition

x = a + jb, where j = √ −1

Addition: (a + jb) + (c + jd) = (a + c) + j(b + d)

Multiplication: (a + jb) . (c + jd) = (ac − bd) + j(ad + bc)

Magnitude: |x| = √ a2 + b2

Phase: (x) = tan−1(b/a)

• Definition using magnitude/phase

x = |x|e j
�
(x)

- Multiplication using magnitude-phase notation:

xy = |x|e j
�
(x) . |y|e j

�
(y) = |x| |y| e j(

�
(x)+ �

(y))
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• Complex conjugate

x* = a − jb

- Properties of complex conjugates:

|x| = |x* |

(x) = − (x* )

xx* = |x|2

• Euler’ s formula

e± j � = cos( ) ± jsin( )

- Properties derived from Euler’s formula

|e± j � | = √ cos2( ) + sin2( ) = 1

(e± j � ) = tan−1(±
sin( )

cos( )
) = tan−1(±tan( )) = ±

sin( ) =
1

2i
(e j � − e− j � )

cos( ) =
1

2
(e j � + e− j � )
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Fourier Transform (FT)

• Function expansion

- Like in the case of vectors, a signal of functionf (t) can often be better
analyzed, described, or processed if expressed as a linear decomposition by

f (t) =
l
Σ al l(t)

- If the expansion is unique, the setl(t) is called abasis for the class of
functions that can be so expressed.

- If the basis is orthogonal, thenl(t) . k(t) = 0 (k ≠ l), with the dot
product -usually- defined as:

l(t) . k(t) = ∫ l(t) k(t)dt

- Giv en a function f (t), the coefficients of the expansion can be computed
as follows:

ak = f (t) . k(t)

• What is Fourier analysis?

- It expands signals or functions in terms of sinusoidals (or equivelently,
complex exponentials).

- This has proven to be extremelly valuable in mathematics, science, and
engineering.
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• Fourier Series

- Any periodic signal can be expressed as a sum of sine and cosine wav es
of varying frequency (i.e., sinusoids form a basis).

f (t) =
a0

2
+

∞

n=1
Σ ancos(nf0t) +

∞

n=1
Σ bnsin(nf0t)

( f0 = 2 T0 is called the fundamental frequency)

- The coefficientsan andbn (i.e., projection off (t) on the basis functions)
are given by:

an =
f0

�

f0

−
�

f0

∫ f (t)cos(nf0x)dx, bn =
f0

�

f0

−
�

f0

∫ f (t)sin(nf0x)dx

f(t)

cos(f  t)1

cos(f  t)

cos(f  t)

2

3
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• Fourier Transform (FT)

Forward FT: F ( f (x)) = F(u) =
∞

−∞
∫ f (x)e− j2� ux dx

(i.e., the coefficients of projection on the basis)

Inverse FT: F−1
(F(u)) = f (x) =

∞

−∞
∫ F(u)e j2� ux du

(i.e., the exponentials form a basis)

• How do frequencies show up in an image ?

- High frequencies: quickly varying information (e.g, edges)

- Low frequencies: slowly varying information (e.g., continuous surface)

Original Image

High-passed Image
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Low-passed Image

• Definitions

F(u) = R(u) + jI (u)

Magnitude of FT (spectrum):|F(u)| = √ R2(u) + I2(u)

Phase of FT: (F(u)) = tan−1(
I (u)

R(u)
)

Using magnitude-phase notation:F(u) = |F(u)|e j � (u)

Power of f(x): P(u) = F2(u)=R2(u) + I2(u)

• Some examples

- The rectangular pulse

rect() function sinc() function
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- Thecos() andsin() functions

F (sin(2 u0x))=
j

2
[ (u + u0) − (u − u0)]

F (cos(2 u0x))=
1

2
[ (u − u0) + (u + u0)]

uXo)

sin(2 uXo)

cos(2

-u

u

o

-u o uo

o

1

1
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j/2
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where (x) =
a−>0
lim

1

a
rect(x/a)

-a/2 a/2

1/a

Xo

11

1

a
rect(x/a) (x) (x − x0)

• Discrete Fourier Transform (DFT)

f (x) = f (x0 + x∆x), x = 0, 1, . . . ,N − 1

Forward DFT: F(u) =
1

N

N−1

x=0
Σ f (x)e

− j2� ux

N , u = 0, 1, . . . ,N − 1

Inverse DFT: f (x) =
N−1

u=0
Σ F(u)e

j2� ux

N , x = 0, 1, . . . ,N − 1

(F(u) is discrete now: F(u) = F(u∆u), u = 0, 1, . . . ,N − 1, ∆u=1/∆x)
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• An example

13/4

sqrt(5)/4

1/4

|F(u)|

u

N=4

∆x=0.25

∆u=
1

N∆x
=1
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• Extending FT in 2D

Forward FT: F ( f (x, y)) = F(u, v) =
∞

−∞
∫

∞

−∞
∫ f (x, y)e− j2� (ux+vy)dxdy

Inverse FT: F−1
(F(u, v)) = f (x, y) =

∞

−∞
∫

∞

−∞
∫ F(u, v)e j2� (ux+uy)dudv

(spectrum is displayed as an intensity function)
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• Extending DFT in 2D (N x M images)

- Assume thatf (x, y) is an M x N image:

Forward DFT: F(u, v) =
1

MN

M−1

x=0
Σ

N−1

y=0
Σ f (x, y)e

− j2� (
ux

M
+

vy

N
)
,

(u = 0, 1, . . . ,M − 1, v = 0, 1, . . . ,N − 1)

Inverse DFT: f (x, y) =
M−1

u=0
Σ

N−1

v=0
Σ F(u, v)e

j2� (
ux

M
+

vy

N
)
,

(x = 0, 1, . . . ,M − 1, y = 0, 1, . . . ,N − 1)

- What is the complexity of 1D DFT ?

O(NM) or O(N2) whenM = N
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• Separability

- The 2D FT can be computed using 1D FTs only !!

Forward DFT: F(u, v) =
1

N

N−1

x=0
Σ

N−1

y=0
Σ f (x, y)e

− j2� (
ux+vy

N
)

Inverse DFT: f (x, y) =
1

N

N−1

u=0
Σ

N−1

v=0
Σ F(u, v)e

j2� (
ux+vy

N
)

- Rewrite F(u, v) as follows:

F(u, v) =
1

N

N−1

x=0
Σ e

− j2� (
ux

N
) N−1

y=0
Σ f (x, y)e

− j2� (
vy

N
)

-Let’s set:
N−1

y=0
Σ f (x, y)e

− j2� (
vy

N
)
=F(x, v)

(F(x, v) = N (
1

N

N−1

y=0
Σ f (x, y)e

− j2� (
vy

N
)
)

- Thus,F(u, v) =
1

N

N−1

x=0
Σ e

− j2� (
ux

N
)
F(x, v)
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• Periodicity and Symmetry

- The FT and its inverse are periodic with period N

F(u, v) = F(u + N , v) = F(u, v + N ) = F(u + N , v + N )

- If f (x, y) is real,F(u, v) = F * (−u, −v) ==> |F(u, v)| = |F(−u, −v)|

- To display a full period, it is necessary to move the origin of the transform
at u = N /2 (or at(N /2, N /2) in the 2D case)
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• Tr anslation

- Translation in the spatial domain:

f (x − x0, y − y0) < − − − > F(u, v)e
− j2	 (

ux0+vy0

N
)

- Translation in the frequency domain:

f (x, y)e j2	 (u0x+v0yoverN ) < −− > F(u − u0, v − v0)

- To moveF(u, v) at (N /2, N /2), take u0 = v0 = N /2

e
j2	 (

N

2
x+

N

2
y

N
) = e j 	 (x+y) = (−1)x+y

f (x, y)(−1)x+y < −− > F(u − N /2, v − N /2)
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• Rotation

- Rotating f (x, y) by rotatesF(u, v) by

• Distrib utivity

F [ f (x, y) + g(x, y)]=F [ f (x, y)]+F [g(x, y)]

F [ f (x, y)g(x, y)]≠F [ f (x, y)]F [g(x, y)]

• Scale

af (x, y) < −− > aF(u, v)
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• Magnitude and Phase of FT

- What is more important ?

f (x) =
∞

−∞
∫ F(u)e j2
 ux

magnitude phase



-- --

- 18 -

reconstructed using magnitude reconstructed using phase

- Magnitude determines the contribution of each sinusoidal
component

- Phase determines where each if the sinusoidal components resides
(i.e., which frequencies are present)
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• Fast Fourier Transform (FFT)

- DFT takesO(n2) time

- FFT takesO(nlgn) time !! (assumes thatN = 2n)
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