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Hidden Mark ov Models (HMMSs)

f Time dependencies
- HMMs are appropriate for problems thatvban inherent temporality
* speech recognition
* gesture recognition
* human actity recognition
- A pattern is the result of a time process which has a number of stéleges
at timet are ineuenced directly by states in pi@us time steps.
f DeEnition of (Erst-order Markv models
- They are represented by a graph wheverg node corresponds to a state
- The graph can be fully-connected with self-loops.
- Links between nodeg andw; are associated withteansition pobability:

P(W(t + 1) = WJ/W(t) = Wi) = Q;

which is the probability of hang statew; at timet +1 given that the state at
timet was w; (Est-order model).

- The follaving constraints should be satis@®&sgd; = 1 for alli
j

- Markov models are fully described by their transition probabiliigs
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f How to compute the probability P(w") of a sequence of stateg’?
- Given a £quence of states' = (w(1), w(2), ... w(T)), the probability that the

model generated’ is equal to the product of the corresponding transition prob-
abilities:

T
P(w") = S P(w(t)/w(t - 1))
t=1
whereP(w(1)/w(0)) ° P(w(1)) is the prior probability on the (Erst state.
Example:if wb = (wy, Wa, Wy, Wy, Wy, Wy), then
P(w°) = P(wy) P(wa/wy) P(wal wa) P(wal wo) P(wal wy) P(wi/w,) = 83814842820821814

- The last statev(T) is alled the absorbing state and is denoteavaéi.e., a
state which if entered, is v left: agp=1)

f DeEnition of (Erst-order hidden Mady models

- We augment the model such that when it is in st it dso emits some sym-
bol v(t) (visible states) among a set of possible symbols.

- For every sequence of -hidden- states, there is an associated sequence of visible
states:

w' = (L), m(2), ... mMT)) -> V' =(v(1),v(2),...VT))
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- When the model is in state; at timet, the probability of emitting a visible
statev, at that time is denoted as

P(V(t) = Vk/W(t) = Wj) = ka

- The following constraints should be satis@stj = 1 for all |
k

f Coin toss example

- You are in a room with a barrier (e.g., a curtain) through which you cannot see
what is happening.

- On the other side of the barrier is another person who is performing a coin (or
multiple coin) tossxeriment.

- The other person will tell you only the result of the&riment,not how he
obained that result!!

VT = HHTHTTHH... T = v(1),v(2), ... V(T)

Problem: build an HMM model to gplain the obsemd sequence of heads and
tails.

1-fair coin model

- There are 2 states, each associated with either heads (statel) or tails (state2)

- The obseration sequence uniquely deEnes the states (model is not hidden).
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2-fair coins model

- There are 2 statesibneither state is uniquely associated with either heads
or tails (each state can be associated withfardiit fir coin).

- A third coin is used to decided which of the biased coins to eip.
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2-biased coins model

- There are 2 states with each state associated with a biased coin.

- A third coin is used to decided which of the biased coins to «ip.

3-biased coins model

- There are 3 states with each state associated with a biased coin.

- We decide which coin to «ip using someay (e.g., other coins).
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f Hidden Mark ov models and (Enite-state machines

- The two models are basically eqaent !

- When the transitions from state to state are probabilistic, we call them HHMs.

f Some deEnitions

Causal HMM: the probabilities depend only uporvpres states.

Ergodic HMM: every one of the states has a non-zero probability of occurring
given some starting state.

f Central issues in HMMs

Evaluation problem: Determine the probability that a particular sequence of visi-
ble state®/ " was generated by a gén model.

Decoding problem: Gen a £quence of visible statds’, determine the most
likely sequence dfiddenstatesy’ that led to those obsextions.

Learning problem: Gen a st of visible obsemtions, determine; andby,.




f Evaluation

- In practice, we hee sveaal HMMs, one for each class and we classify a test
pattern by choosing the model with the highest probability

HMM P(VT)
1
HMM | P(VT) HMM
T MAX |
\Y 2 k
HMM
N [PV

- The probability that a model producés$ can be computed using the theorem
of total probability:

PVT) = &PV )P(W])
r=1

where w] = (w(1),m(2), ... w(T)) is one one of the possible sequences and
rmax = C' for a model withc stateswy, ws, ..., w,.

- The second ter®(w; ) can be written as folles:
T
P(w;) = Pw(1))P Pm(t)/w(t - 1))
- The Erst ter(VT/w; ) can be written:

;
PVT/Iw) = P P(v(t)/u (1))
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- Combining the tw terms together:

PV™) = Pw(L) § P P(O/() Pw(Dlu(t - 1)

f Computational complexity
- Given a; andby, it straightforward to compute the(V')

- This computation, heever, hasO(Tc") requirements !
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f Recursive ammputation of P(v") (HMM F orward)
Input: VT = (v(1),v(2), ... MT))

- Let a;(t) represent the probability that the HMM is in hidden siatat stept,
assuming that the Erstlements o¥/ T have beemenerated:

a;(t)=P(v(1),v(2), ... (1), w(t) = w;)
- We aan computeaj(t+1), j =1,2,...¢, as follows:

aj(t+1)=P(v(1),v(2),... v(t),v(t +1),w(t +1) = w;) =

Lo

P(V(1),V(2), . . . M(t), w(t) = wy)P(V(t + 1)/t + 1) = w;)P(w(t + 1) = w;/ut) = w)

C
Oraj(t+1):_Slai(t)ij(t+l)aij J :1, 2,C
1=
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Initialize w(1) (known initial state)
Seta;(0)=1ifi =w(1l)anda;(0)=0if i * w(1) (prior state pobability)
for(t=1; t<=T t++)

forj=1tocdo
C
a(t) = _Slri'i(t - Dayjbjy))
i=

P(VT) = ao(T)

- The compleity of this algorithm is onlyO(c*T) !!

f An example

el 0O 0 06 a 0 0 0 05
0.2 0.3 0.1 0.4+ b, ¢0 0.3 0.4 0.1 0.2°
802050201 go 0.1 0.1 0.7 0.1
§0.8 0.1 0.0 0.1g &0 0.5 0.2 0.1 0.2g

t=1
~ ag(1) = ag(0) P(v(1)/wo) P(wolwp) + a1(0) P(v(1)iwg) P(wolwy) +
a»(0) P(v(1)/wp) P(wolwsy) + a3(0) P(v(1)/wp) P(wplws) =0

a1(1) = ag(0) P(v(1)/wy) P(wi/wp) + a1(0) P(v(1)/wy) P(wi/wy) +
82(0) P(V(l)/Wl) P(W1/W2) + 33(0) P(V(l)/Wl) P(W1/W3) =0.09

az(1) = ag(0) P(v(1)/w,) P(wylwp) + a1(0) P(v(1)/wy) P(wolwy) +
82(0) P(V(l)/Wz) P(Wz/Wz) + 33(0) P(V(l)/Wz) P(W2/W3) =0.01
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az(1) = ag(0) P(v(1)/ws) P(wslwo) + a1(0) P(v(1)/ws) P(wslw,) +
82(0) P(V(l)/Wg) P(W3/W2) + 33(0) P(V(l)/Wg) P(Wg/Wg) =0.2

C
- Similarly for t = 2, 3, 4:Enal answd?(V') = S a;(T - 1) = ao(T) = 0. 0011
i=1
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f The backward algorithm (HMM backward)
Input: VT = (v(1),v(2), ... MT))

- Let p;(t + 1) represent the probability that the HMM is in hidden statat step
t + 1, andwill geneatethe remainder of the tget sequence, i.é.+1, ..., T:

bi(t +1)=P(v(t +1),v(t +2), ... v(T)/w(t) = w;)
- We can computep;(t), j = 1,2, ... ¢, as follows:

bi(t) = P(v(t), v(t + 1),v(t +2),... M(T)/n(t) = w;) =

P(V(t + 1), v(t +2), ... M(T)IwA(t) = ;) P(V(t + L)Iwr(t + 1) = wg)P(w(t + 1) = wi/ () = v

c
i=1

C
or b](t) = S]_ b;(t + 1)biv(t+1)aji 1=1,2,...¢
i=

Initialize w(T)
bi(T)=1ifi =w(T)and b;(T) =0if i * w(T)

for(t=T-1; t>=0; t--)
fori=1to c do

C
bj(t) = 81 b;(t + 1)aji biyt+1)
i=

P(VT) = b;(0) wher w; is the known initial state
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f Decoding

- We reed to use an optimality criterion to selfis problem (i.e., there arevse
eral possible ays solving this problem since there aagious optimality criteria
we could use).

Algorithm 1: choose the stategt) which are indridually most lilely (i.e., max-
iImize the &pected number of correct imtilual states).

*|fwe de@Ene (t) = P(w(t) = wi/VT), then:

P(w(t) = w,VT) _ a;(t)bi(t)
P(VT) ~ P(VT)

gt) =

* Usingg (t), the indvidually most lilely statew(t) at timet is:

w(t)=arg max[g(t)], LEtET
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Algorithm 2 (easy): at each time stgpdad the state that has the highest proba-
bility of having come from the pkxeéous step and generated the obedrvisible
statev(t) -- uses thdorward algorithmwith minor changes.

Initialize w(1)
8(0)=1ifi =w(l)and g(0) =0if i * w(l)

Path=empty
for (t=1; t<=T; t++) {

forj=1tocdo
C
a;(t) = Sl ai(t- L)ajby)
1=
j¢ =argmax; a;(t)
Appendw;sto Path

}
return Path
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- There is no guarantee that the path ialavone (local optimization).

- The path might imply a transition that is not aléd by the model.
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Algorithm 3 (Mterbi algorithm - most widely used) (End the single best sequence,
i.e., maximizeP(w' V1)

L . P(w',VT)
* Equivalent to maximizingP(w',VT) since:P(w' V1) = Py

* We will compute the probabilitye(w", V) recursvely:

* Let us deCEn#(t) as keing the highest probability along a single path, at
timet, with the path ending af;:

dl(t) = maX/V(l),W(Z),..,W(t- 1) P(W(1)1 W(Z)’ . ,W(t - 1)1 W(t) = w, V(1)1V(2)1 s 1V(t))
* Using induction we hae:

dj(t) = [max ai(t - 1)a;] byyw, 1EJEC

* To retrieve the best state sequence we neecegplirack of the gument
that maximizes the ale equation:

yi(t) = argmax[di(t - 1)g;], 1£ j£cC



17-

Stepl: Initialization

di(l):ij(1)1 1£E1£c

yi)=0, 1fifc

Step2: Recursion

dJ(t) = ma)g[d,(t - 1)8.”] ij(t)1 2ELET,1E j £c

yi(t) = argmax[di(t - 1)ay], 2EtET,1£ £cC

Step3: Termination

P" = max[d(T)]

w'(T) = argmax(d;(T)]

Step4: Rath backtracking

w () =y et +1)
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f Rate invariance

- Let's consider the problem of gesture recognition:
* The duration of the same gesture cany\rom person to person.
* The duration of the same gesture caryvor the same person.

- HMM models address this issue:
* Transition probabilities incorporate probabilistic structure of the durations.
* Post processing can be used to delete repeated states

e.g., iy, wy, ws, wo, wo, W») can be cowerted to (vq, ws, wo)
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f Learning

- Determine the transition probabilitieg andbj, from a set of training>am-
ples (i.e., maximize the probability of the obs#ion sequences).

- There is no knan way to sole for a maximum liklihood model analytically

The forward-backvard algorithm (Baum-\ch algorithm)

* Let's de@Eneyi (t) = P((t) = w;, w(t + 1) = w;/VT), then:

aj(t)ajbjy ey bj(t +1)
P(VT)

xii (t) =

* We aan writeg (t) as follows:
Cc
a(t) = _Slxij (t)
l:
* The epected number of times thiaf is visited:
T
Sal(l)
t=1

* The epected number of transitions made fram

T-1
Sa)
t=1
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* The &pected number of transitions fram to w;:
T-1
S x;(t)
t=1

*we an re-estimata;; as the ratio of thexpected number of transition from
to w;, divided by the gpected number of transitions out of state

T-1 71
& = t§1 xii (t)/ t§1 a(t)

*we @n re-estimat®;, ) as the ratio of thexpected number of times of being
in statew; and observing(t), divided by the gpected number of times being in
statew;:

j

A\ T-1 T-1
by = S () S gi(t)
t=1v(t) t=1

f DifCEculties with using HMMs
- How do we decide on the number of states of the model ?
- What about the size of obsation sequence ?

* Should be suEciently long to guarantee that all state transitions will
appear a sdEcient number of times.

* A l age number of training data is necessary to learn the HMM parameters.



