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Hidden Mark ov Models (HMMs)

ƒTime dependencies

- HMMs are appropriate for problems that have an inherent temporality.

* speech recognition
* gesture recognition
* human activity recognition

- A pattern is the result of a time process which has a number of states.- States
at timet are in•uenced directly by states in previous time steps.

ƒDeŒnition of Œrst-order Markov models

- They are represented by a graph where every node corresponds to a statew i .

- The graph can be fully-connected with self-loops.

- Links between nodesw i andw j are associated with atransition probability:

P(w(t + 1) = w j /w(t) = w i ) = aij

which is the probability of having statew j at time t + 1 giv en that the state at
time t wasw i (Œrst-ordermodel).

- The following constraints should be satisŒed:
j
Saij = 1 for all i

- Markov models are fully described by their transition probabilitiesaij
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ƒHow to compute the probability P(wT ) of a sequence of stateswT?

- Giv en a sequence of stateswT = (w(1),w(2), . . . ,w(T)), the probability that the
model generatedwT is equal to the product of the corresponding transition prob-
abilities:

P(wT ) =
T

t=1
S P(w(t)/w(t - 1))

whereP(w(1)/w(0)) º P(w(1)) is the prior probability on the Œrst state.

Example:if w6 = (w1,w4,w2,w2,w1,w4), then

P(w6) = P(w1)P(w4/w1)P(w2/w4)P(w2/w2)P(w2/w1)P(w1/w4) = a1a14a42a22a21a14

- The last statew(T) is called the absorbing state and is denoted asw0 (i.e., a
state which if entered, is never left: a00=1)

ƒDeŒnition of Œrst-order hidden Markov models

- We augment the model such that when it is in statew(t) it also emits some sym-
bol v(t) (visible states) among a set of possible symbols.

- For every sequence of -hidden- states, there is an associated sequence of visible
states:

wT = (w(1),w(2), . . . ,w(T)) -> VT = (v(1),v(2), . . . ,v(T))
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- When the model is in statew j at time t, the probability of emitting a visible
statevk at that time is denoted as

P(v(t) = vk/w(t) = w j ) = b jk

- The following constraints should be satisŒed:
k
Sb jk = 1 for all j

ƒCoin toss example

- You are in a room with a barrier (e.g., a curtain) through which you cannot see
what is happening.

- On the other side of the barrier is another person who is performing a coin (or
multiple coin) toss experiment.

- The other person will tell you only the result of the experiment,not how he
obained that result!!

VT = HHTHTTHH. . .T = v(1),v(2), . . . ,v(T)

Problem:build an HMM model to explain the observed sequence of heads and
tails.

1-fair coin model

- There are 2 states, each associated with either heads (state1) or tails (state2)

- The observation sequence uniquely deŒnes the states (model is not hidden).
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2-fair coins model

- There are 2 states but neither state is uniquely associated with either heads
or tails (each state can be associated with a different fair coin).

- A third coin is used to decided which of the biased coins to •ip.

2-biased coins model

- There are 2 states with each state associated with a biased coin.

- A third coin is used to decided which of the biased coins to •ip.

3-biased coins model

- There are 3 states with each state associated with a biased coin.

- We decide which coin to •ip using some way (e.g., other coins).
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ƒHidden Mark ov models and Œnite-state machines

- The two models are basically equivalent !

- When the transitions from state to state are probabilistic, we call them HHMs.

ƒSome deŒnitions

Causal HMM: the probabilities depend only upon previous states.

Ergodic HMM: every one of the states has a non-zero probability of occurring
given some starting state.

ƒCentral issues in HMMs

Evaluation problem: Determine the probability that a particular sequence of visi-
ble statesVT was generated by a given model.

Decoding problem: Given a  sequence of visible statesVT , determine the most
likely sequence ofhiddenstateswT that led to those observations.

Learning problem: Given a set of visible observations, determineaij andb jk .
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ƒEvaluation

- In practice, we have sev eral HMMs, one for each class and we classify a test
pattern by choosing the model with the highest probability.
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- The probability that a model producesVT can be computed using the theorem
of total probability:

P(VT ) =
rmax

r=1
S P(VT /wT

r )P(wT
r )

where wT
r = (w(1),w(2), . . . ,w(T)) is one one of the possible sequences and

rmax = cT for a model withc statesw1, w2, ...,wc.

- The second termP(wT
r ) can be written as follows:

P(wT
r ) = P(w(1))

T

t=1
P P(w(t)/w(t - 1))

- The Œrst termP(VT /wT
r ) can be written:

P(VT /wT
r ) =

T

t=1
P P(v(t)/w(t))
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- Combining the two terms together:

P(VT ) = P(w(1))
rmax

r=1
S

T

t=1
P P(v(t)/w(t)) P(w(t)/w(t - 1))

ƒComputational complexity

- Giv en aij andb jk , it straightforward to compute theP(VT )

- This computation, however, hasO(TcT ) requirements !



-9-

ƒRecursive computation of P(VT ) (HMM F orward)

Input:VT = (v(1),v(2), . . . ,v(T))

- Let a i (t) represent the probability that the HMM is in hidden statew i at stept,
assuming that the Œrstt elements ofVT have beengenerated:

a i (t)=P(v(1),v(2), . . . ,v(t),w(t) = w i )

- We can computea j (t + 1), j = 1, 2, . . . ,c, as follows:

a j (t + 1) = P(v(1),v(2), . . . ,v(t), v(t + 1),w(t + 1) = w j ) =

c

i=1
S P(v(1),v(2), . . . ,v(t),w(t) = w i )P(v(t + 1)/w(t + 1) = w j )P(w(t + 1) = w j /w(t) = w i )

or a j (t + 1) =
c

i=1
Sa i (t)b jv(t+1)aij j = 1, 2, . . . ,c
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Initialize w(1) (known initial state)
Seta i (0) = 1 if i = w(1) anda i (0) = 0 if i ¹ w(1) (prior state probability)
for(t=1; t<=T t++)

for j=1 to c do

a j (t) =
c

i=1
Sa i (t - 1)aij b jv(t))

P(VT ) = a 0(T)

- The complexity of this algorithm is onlyO(c2T) !!

ƒAn example
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, b jk =
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t=1
a 0(1) = a 0(0) P(v(1)/w0) P(w0/w0) + a 1(0) P(v(1)/w0) P(w0/w1) +
a 2(0) P(v(1)/w0) P(w0/w2) + a 3(0) P(v(1)/w0) P(w0/w3) = 0

a 1(1) = a0(0) P(v(1)/w1) P(w1/w0) + a 1(0) P(v(1)/w1) P(w1/w1) +
a 2(0) P(v(1)/w1) P(w1/w2) + a 3(0) P(v(1)/w1) P(w1/w3) = 0. 09

a 2(1) = a0(0) P(v(1)/w2) P(w2/w0) + a 1(0) P(v(1)/w2) P(w2/w1) +
a 2(0) P(v(1)/w2) P(w2/w2) + a 3(0) P(v(1)/w2) P(w2/w3) = 0. 01
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a 3(1) = a0(0) P(v(1)/w3) P(w3/w0) + a 1(0) P(v(1)/w3) P(w3/w1) +
a 2(0) P(v(1)/w3) P(w3/w2) + a 3(0) P(v(1)/w3) P(w3/w3) = 0. 2

- Similarly for t = 2, 3, 4;Œnal answerP(VT ) =
c

i=1
Sa i (T - 1) = a 0(T) = 0. 0011
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ƒThe backward algorithm (HMM backward)

Input:VT = (v(1),v(2), . . . ,v(T))

- Let b i (t + 1) represent the probability that the HMM is in hidden statew i at step
t + 1, andwill generatethe remainder of the target sequence, i.e.,t + 1, ...,T:

b i (t + 1)=P(v(t + 1),v(t + 2), . . . ,v(T)/w(t) = w i )

- We can computeb j (t), j = 1, 2, . . . ,c, as follows:

b j (t) = P(v(t), v(t + 1),v(t + 2), . . . ,v(T)/w(t) = w j ) =

c

i=1
S P(v(t + 1),v(t + 2), . . . ,v(T)/w(t) = w i )P(v(t + 1)/w(t + 1) = w i )P(w(t + 1) = w i /w(t) = w j )

or b j (t) =
c

i=1
S b i (t + 1)biv(t+1)a ji j = 1, 2, . . . ,c

Initialize w(T)
b i (T) = 1 if i = w(T) and b i (T) = 0 if i ¹ w(T)

for(t=T-1; t>=0; t--)

for i=1 to c do

b j (t) =
c

i=1
S b i (t + 1)a ji biv(t+1)

P(VT ) = b i (0) wherew i is the known initial state
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ƒDecoding

- We need to use an optimality criterion to solve this problem (i.e., there are sev-
eral possible ways solving this problem since there are various optimality criteria
we could use).

Algorithm 1: choose the statesw(t) which are individually most likely (i.e., max-
imize the expected number of correct individual states).

* I f we deŒnegi (t) = P(w(t) = w i /V
T ), then:

gi (t) =
P(w(t) = w i ,V

T )
P(VT )

=
a i (t)b i (t)

P(VT )

* Usinggi (t), the individually most likely statew(t) at time t is:

w(t)=arg maxi [gi (t)], 1 £ t £ T
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Algorithm 2 (easy): at each time stept, Œnd the state that has the highest proba-
bility of having come from the previous step and generated the observed visible
statev(t) -- uses theforward algorithm with minor changes.

Initialize w(1)
ai (0) = 1 if i = w(1) and ai (0) = 0 if i ¹ w(1)

Path=empty
for (t=1; t<=T; t++) {

for j=1 to c do

a j (t) =
c

i=1
S ai (t - 1)aij b jv(t))

j¢ =argmaxj a j (t)

Appendw j¢to Path
}
return Path
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- There is no guarantee that the path is a valid one (local optimization).

- The path might imply a transition that is not allowed by the model.
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Algorithm 3 (Viterbi algorithm - most widely used) Œnd the single best sequence,
i.e., maximizeP(wT /VT )

* Equivalent to maximizingP(wT ,VT ) since:P(wT /VT ) =
P(wT ,VT )

P(VT )

* We will compute the probabilityP(wT ,VT ) recursively:

* L et us deŒnedi (t) as being the highest probability along a single path, at
time t, with the path ending atw i :

di (t) = maxw(1),w(2),..,w(t- 1) P(w(1),w(2), . . ,w(t - 1),w(t) = w i , v(1),v(2), . . . ,v(t))

* Using induction we have:

d j (t) = [maxi di (t - 1)aij ] b jv(t), 1 £ j £ c

* To retrieve the best state sequence we need to keep track of the argumenti
that maximizes the above equation:

y j (t) = argmaxi [di (t - 1)aij ], 1 £ j £ c
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Step1: Initialization

di (1) = b jv(1), 1 £ i £ c

y i (1) = 0, 1£ i £ c

Step2: Recursion

d j (t) = maxi [di (t - 1)aij ] b jv(t), 2 £ t £ T, 1 £ j £ c

y j (t) = argmaxi [di (t - 1)aij ], 2 £ t £ T, 1 £ j £ c

Step3: Termination

P* = maxi [di (T)]

w * (T) = argmaxi [di (T)]

Step4: Path backtracking

w * (t) = y w * (t+1)(t + 1)
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ƒRate invariance

- Let's consider the problem of gesture recognition:

* The duration of the same gesture can vary from person to person.

* The duration of the same gesture can vary for the same person.

- HMM models address this issue:

* Transition probabilities incorporate probabilistic structure of the durations.

* Post processing can be used to delete repeated states

e.g., (w1,w1,w3,w2,w2,w2) can be converted to (w1,w3,w2)
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ƒLearning

- Determine the transition probabilitiesaij and b jk from a set of training exam-
ples (i.e., maximize the probability of the observation sequences).

- There is no known way to solve for a maximum likelihood model analytically.

The forward-backward algorithm (Baum-Welch algorithm)

* L et's deŒnex ij (t) = P(w(t) = w i ,w(t + 1) = w j /V
T ), then:

x ij (t) =
a i (t)aij b jv(t+1)b j (t + 1)

P(VT )

* We can writegi (t) as follows:

gi (t) =
c

j=1
S x ij (t)

* The expected number of times thatw i is visited:

T

t=1
Sgi (t)

* The expected number of transitions made fromw i :

T- 1

t=1
S gi (t)
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* The expected number of transitions fromw i to w j :

T- 1

t=1
S x ij (t)

* we can re-estimatea ij as the ratio of the expected number of transition fromw i
to w j , divided by the expected number of transitions out of statew i :

â ij =
T- 1

t=1
S x ij (t)/

T- 1

t=1
S gi (t)

* we can re-estimateb jv(t) as the ratio of the expected number of times of being
in statew j and observingv(t), divided by the expected number of times being in
statew j :

b̂ jv(t) =
T- 1

t=1,v(t)
S g j (t)/

T- 1

t=1
S g j (t)

ƒDifŒculties with using HMMs

- How do we decide on the number of states of the model ?

- What about the size of observation sequence ?

* Should be sufŒciently long to guarantee that all state transitions will
appear a sufŒcient number of times.

* A l arge number of training data is necessary to learn the HMM parameters.


