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Support Vector Machines (SVM)

f ClassiCEcation apmaches (eview)
- Given aset of training patterns from each class, the olhedsi to establish
decision boundaries in the feature space which separate patterns belonging to
different classes.
- In the statistical approach, the decision boundaries are determined by the prob-
ability distributions of the patterns belonging to each class, which must either
be speciEed or learned.
- In the discriminant-based approach, the decision boundary is constructed
explicitly (i.e., knovledge of the form of the probability distution is not
required):

(1) First a parametric form of the decision boundary (e.g., linear or
quadratic) is speciCEed.

(2) The "best" decision boundary of the speciEed form is found based on
the classiEcation of the training patterns.
f Linear discriminant functions
- The problem of (Ending a discriminant function can be formulated as a prob-
lem of minimizing a criterion function (i.e., the sample risk or the training
error).
- A linear discriminant function can be written as:
g(x) = w'x + wo
- Assuming tw dasses, classiCEcation is based on theniokiprule:

Decidew;, if g(x)>0 andw;, if g(x)<O0
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- The decision boundary (i.e., ggerplane) is deEned by the equagiof) = 0.

f Distance from a point x to the hyperplane

- Let us @pressx as followvs:
X=Xpt+r W
[l
- Let's substitute the aba@ expression ing(x)
= wo = 1wl

g(x) = W'X + Wo = W (X +r ) Wo = WXy + T

[iw]]

sincew'x, + wy = 0 and w'w = |jw|f.

IIWII

- The abwe expression gies the distance ok from the lyperplane:

r =g/l

- The distance of the origin from thggerplanes is

W/ [ wi|
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f Various types of discriminant functions

Linear discriminant;

d

a(x) =wp + S xw
=1

Quadratic discriminant: obtained by adding terms corresponding to products of
pairs of components of

d d

d
g(x) =Wo + SWiXi + S S Xi X; W
=1 i=1j=1

Polynomial discriminant: obtained by adding terms suck &sx Wi .

Generalized discriminant;

o)
g(X)=i§)aiyi(X) or g(x)=ay

wherea is a d-dimensional weight ector andy;(x) can be arbitrary functions
of x (calledf () functions, i.e.y; = f;(X)).

(note thatwy has been absorbedanthat is,ag=wy andyy=1)
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f Generalized discriminant functions

- Selecting they;(x) appropriately and lettingl be su€Eciently laye, ary dis-
criminant function can be approximated.

- The resulting discriminant function is not lineandut it is linear iny.

- The § functionsy;(x) smply map points ind-dimensionalx-space to points
in d-dimensionaly-space.

Example:Consider the follwing quadratic discriminant function:

2l 6
g(x) = a; + ax + agx® with y=¢x +
ex2 @
* M aps a line irx-space to a parabola yaspace.

* The planeg(x) =0 or a'y =0 deEned by = (- 1, 1, 2)divides they-space
into two regons.

* Note that the correspondinggien R; in the x-space is not simply connected.

- The main disadantages of the generalized discriminant are:

(1) It is computationally inteng © compute.
(2) Lots of training Bamples are required to determiaéf d is very lage
(curse of dimensionali}y



f Solution region

- In general, the solutlonactora iS not unique (ay vector in the solution
region satisEes, e.g(x) = a'y > 0for x T wy andg(x) = a'y < 0for x T w»)

solution

region

- Additional constraints are necessary to degitmequely

End a (i) &End the unit-length weigtdtar that maximizes the minimum
distance from the trainingkamples to the separating plane).

(i) &nd a minimum length weigteator satisfyingg(x) = a'y 3 b whereb
IS a positve mnstant.

(the nev solution region lies inside the pwous solution rgion, being insu-
lated by the old boundaries by the distab&gly;||)
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f Learning and risk minimization

- The aim of ag learning machine is to estimagéx) from a (Enite set of obser
vations by minimizing the empirical risk (i.e., some kind of an error function).

Example The least-squares method minimizes the empirical riskistelov:
1n 5
RemgW, Wo) = . |§1[Zk - 9(Xi, W, Wo)]

where z, is the desired classiCEcation for patteli®.g., z, = +1 according to
whether patterk is in wq or w,)

- The cowentional empirical risk minimization & training data does not
imply good generalization to ue test data.

(1) There could be a number of fdifent functions which all ge a god
approximation to the training data set.

(2) It is diftEcult to determine a function which best captures the the true
underlying structure of the data distriton.



f Structural risk minimization

- To guarantee an "upper bound on generalization error”, statistical learning the-
ory says that theapacityof the learned functions must be controlled (i.e., func-
tions with lage capacity are able to represent yndichotomies for a gen

data set).

- Structural risk minimization aims to address this problem andiges a well
deEned quantitati measure of theapacityof a learned function to generalize
ove unknown test data.

- The \apnik-Cheronenkis (VC) dimension has been adopted as one of the
most popular measures for such a capacity

- According to the structural risk minimization principle, a function that
describes the training data well (i.e., minimizes the empirical risk) and belongs
to a set of functions with Weest VC dimension will generalize wettigardless

of the dimensionality of the input space

qulog(mm)u) - log(al4)
n

€IMtrue £ errtraining

with probability (1- o) (Vapnik, 1995)

(Structural Minimization Principle)
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f Optimal hyperplane and support \ectors

- It has been shlvn (Vapnik, 1995) that maximizing the ngam distance
between the classes is egaent to minimizing the VC dimension.

- This optimal lyperplane is the one\gng the lagest magin of separation
between the classes (i.e., bisects the shortest line between Yes toifs of
the two dasses).

- A relatvely small subset of the patternsupport vectm) lie exactly on the
mamin (the closest patterns to thgperplane and the most @tcult to classify).

- The optimal gperplane is completely determined by these supgatbys.
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f Overview of SVM

- SVM are primarily two-class classiEers with the distinct characteristic that
they aim to (End the optimalyperplane such that thepgected generalization
error (i.e., error for the unseen test patterns) is minimized.

- Instead of directly minimizing the empirical risk calculated from the training
data, SVMs perfornstructural risk minimizatiorto achiee good generalization
(i.e., minimize an upper bound oxpected generalization error).

- The optimization criterion is the width of the mgar between the classes (i.e.,
the empty area around the decision boundary deEned by the distance to the
nearest training patterns).

f Positives/Negatves
- (Pos) Appears tovaid over(Etting in high dimensional spaces and generalize
well using a small training set (the comptg of SVM is characterized by the
number of supportectors rather than the dimensionality of the transformed
space -- no formal theory to justify this).

- (Pos) Global optimization method, no local optima (SVM are basecawnt e
optimization, not approximate methods).

- (Neg) Applying trained classiCEers can kgeasve.

f SVM training

- The goal is to End the separating plane with tgedamagin (i.e., €End the
support ectors).

- Training a SVM is equwialent to solving a quadratic programming problem
with linear constraints (the number ainables is equal to the number of train-
ing data).
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f Linear SVM: The separable case

- As we haveseen, a linear discriminant satisEes thenwipequation:

1>0 if x, T w
— i _ . k 1 _
Xk) = W X, + Wg = _ - , k=1,2,..
g(X) k o%<0 it x. T W n
- For each patternx,, k=1, 2,.. n let's deEng, = £1, according to whether
patternk is in wq or ws,, then we can combine the aleonequalities into one set
of inequalities:

2.9(xy) > 0o0r z(W'x, +Wg) >0, k=1,2,..n

- Since the data is separable, thexesiea lyperplane that separates the pusiti
from the ngaive examples; the distance from a poxtto the typerplane (i.e.,
a(Xk)/|\w]|) should satisfy the constrain:

2, 9(X)
||

- To ensure uniqueness, we impose the consttaiiw||=1 (i.e., the solution
vector w can be scaled arbitrarily and still preserhe abee onstrain). -
Using the abee constraint,g(x) should satisfy the follwing inequality:

8 b, b>0(mamgin).

z0(x) % 1, with b= ﬁ” (1) (magin)

- The goal of the SVM is to maximize W|| subject to the constraint imposed
by Eq. (1), orequivalently:

1
Problem 1 Minimize > |l

subject taz, (W'x, +Wg) 3 1, k=1,2,..n

o /, g O wxeb>l
Liwl N/ &
® \
: .
2 g b=1
. e
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f Solving "Problem 1"

- First, we form the Lagrange function:
1 n
L(w, Wy, /) = > |Iwlf - |§1/ [ZW e +wo) - 1], /3 0

- We want to minimizeL () with respect tow, wg) and maximize it with respect
to /  (i.e., determine the saddle pointlq{)).

- We aan reformulate "Problem 1" as maximizing the faflog problem ¢ual
problen):

n 1n
. . t
Problem 2 MaX|m|zek:Sl/ K™ I§/k/ i ZkZj X Xk

n
subjecttoS z./, =0, /3 0,k=1,2,..n
k=1

- During optimization, thealues of all/ , become 0, cept for the supportec-
tors.

- The solution foiw is given as a Inear combination of the supporators:

n
w=S z/ X (/«* 0onlyif x, is a support &ctor)
k=1

- The solution fowg can be determined usingyasupport \ector xy:
WXy + W = 2 OF Wo =z, - WX,

- The decision function for the optimayferplane is gien by
n n
g(x) = |§12k/ (X' %) +Wo or g(x) = |§1 Zi/ k(X Xk) +Wo

- The decision rule is

decidew; if g(x)>0 andw; if g(x)<0
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f Linear SVM: The non-separable case

- When the data is not linearly separable, we can either use the non-linear SVM
(see ngt section) or modify the problem to aNomisclassiEed data by intro-
ducing error ariableg/:

.1 n
Problem 3 Minimize > IW|E +c Sy
k=1

subject toz (WX, +Wg) 3 1- y, k=1,2,..n

- The result is ayperplane that minimizes the sum of ernpgswhile maximiz-
ing the magin for the correctly classiEed data.

- The constantc controls the tradebfbetween magin and misclassiEcation
errors (aims to pxent outliers from decting the optimal yperplane).

- We an reformulate "Problem 3" as maximizing the faoflog problem ¢ual
problen):

L 1n
Problem 4 MaX|m|zek:Sl/ < 5 glk/ | ZkZj X Xy

n
subjecttoS z ./ =0and O£/  £c, k=1,2,..n
k=1

where the use of erroaviablesy , constraint the range of the Lagrange GBef
cients from O ta.
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f Nonlinear SVM

- Extending the abee @mncepts to the non-lineaase relies on preprocessing
the data to represent them in a much higher dimensionality space.

X ® F (Xg)

- Using an appropriate nonlinear mappk(@ to a sufEciently high dimensional
space, data from mvwdasses can akys be separated by ggerplane.

Nonlinear input space Linear feature space

- The decision function for the optimayerplane is gien by
n
a(x) = |§1 Zi !« (F (X). F (X)) + wo
- The decision rule is the same as before:

decidew; if g(x)>0 andws if g(x)<0

- The disadantage of this approach is that the mappip® F (x,) might be
very computationally intenge to compute.
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f The kernel trick

- If there were a '#rnel function"K(x, x¢) = F(X). F (xx we would only need
to useK () and would never need to &plicitly even know whatF () is.

- The decision function for the optimayerplane is then gen by
n
g(x) = |§12k/ kK (X, Xg) +Wo

5 8] x% 0
Example considerx T R?, F(x) = g@xlxzji R, and K(x, y) = (x. y)?
& % g
(X.¥)? = (X1Y1 + X2¥2)?
F(X).F(y) = X§YE + 21 Y1 XYz + X5Y5 = (X1Y1 + XpY2)°

- Note that neither the mappiig) nor the high dimensional space are unique.

2 .

5 22Xy 0

4 - 0 = ¢
F(X):Tg 2X1X2 _T R3 or F(X):g 1 2+T R4

\(X2+X2)T 9X1X2+

e e e X5 g

f Suitable kernel functions

- Kernel functions which can bem@essed as a dot product in some space sat-
isfy theMercer's condition (see Bues' paper).

- The Mercer's condition does not tell us toto constructF () or even what the
high dimensional space is.

- By using diferent lernel functions, SVM implement aanety of learning
machines, some of which coincide with classical architectures (se®)belo

polynomial: K(x, X,) = (X. X;)®

sigmoidal: K(x, xi) = tanh(v,(X. x) + cy)
(corresponds to a twlayer sigmoidal neural nebsk)
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X - il

Gaussian: KX, xi) = exp(_ a2 )
S
(corresponds to a radial basis function (IJ«§BF) neural ovbdw

- The kernel trick implies that the computation remains feasibéa € the fea-
ture space haswy high dimensionality

* |t can be shan for the case of polynomialeknels that the data is
ap+d- 1p

mapped to a space of dimensibr & d gWhere p is the original
dimensionality
* Supposep=256 andd = 4, thenh=183,181,376 !
* A dot product in the high dimensional spacewd requireO(h) compu-
tations while the &rnel requires onl®(p) computations.
f An example
- Consider the XOR problem which is non-linearly separable:
(1,1) and (-1, -1) belong to,
(1,-1) and (-1, 1) belong to,

- Consider the follving mapping (mayother mappings could be used too):

& x3 0
¢ x; *
=gC?X1XzZ
¢ x; =
.
e 1 g

y=F(x)
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- The abwee ransformation maps, to a 6-dimensional space:

ae__lt') ae% o]
¢+ 9'§+
(; - g -
Y1:F(X1):(;c2+ Y3—F(X3):(;_C2+
cr= ¢ s
§1+ 91 =
elz e 1 g
el s el s
QCC?; 9'g+
(;_ - (;_ -
Yo=F(X2)=¢ o+ Ya=F(Xs)=¢ ., +
-G Q .
¢ 1 + ¢ 1 =+
el (4] el (4]

- We ek to maximize:

4

1 4
k§1/k- Eglk/JZkZJF(XtJ)F(Xk)

4
SUbjeCttOS Zk/k:O, /k3 O,k:1,2,..,4
k=1
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- The solution turns out to be:

[1=1,=13=1 —}
1—-7/12=713= 4_8
- Since all/  * 0, all x, are supportectors !
- We @an nav computew:
ae__lc'j ae__lo' ae;_b ae;_b aeob
¢ s ¢+ @ @ 0
W= Sz/F(x) }GCQT_}9-@%+}9@7_}9-C2+_}Q(If
KPR = g Gep™™ g G cpT 8% ¢pT 8% 2%0°
¢ - ¢ - ¢ - ¢ - ¢ -
¢cl~+ ¢ 1l -+ ¢ 1+ ¢ 1l =+ ¢cO0~+
élﬂ élﬂ élﬂ élﬂ éoﬂ

- The solution fomw, can be determined usingyasupport \ector e.qg., X1:
WIF (X)) +Wg =2, OFr Wo=2; - Wx; =0
- The magin b is computed as folles:

1 .
b=— =0
[Iwl|

- The decision function is the follong:
g(x) = W'F (X) + Wp = X1 X

where we decide if g(x) > 0andws if g(x) <0

f Limitations of SVM

- The biggest limitation of SVM lies in the choice of threxikel (the best choice
of kernel for a gren problem is still a research problem).

- A second limitation is speed and size (mostly in training - faydaraining
sets, it typically selects a small number of suppedtars, therby minimizing
the computational requirements during testing).

- The optimal design for multiclass SVM classi(Eers is also a research area.



