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Statistical Learning

» Assumptions

- We oonsider featuresxéracted from images to form probabilistic obsdion
feature ectors (e.g., featuresteacted from &ce images).

- Their semantic interpretations tabels (e.g., identity associated with ack)
are also subject to uncertainty

- The relationship between the obsdrons and their labels can be modelled
probabilistically

- Such models can be estimated through statistical learning.

» What is the goal of statistical leaning?

- To estimate an unknen inference function(i.e., model between obsations
and their labels) from a finite, often sparse, set of obhens.

Example:supposex [1 X is a random obseation \ector (e.g.,dce) andy LY is
the interpretation ok (e.g, identity).

*The probability of observing the pai,(y) is gven by

P(x,y) = P(y/x)P(x)

* If P(y/x) is known (i.e., inference function), then an interpretatjonan
be inferred for ay given obserbationx.

* |t is possible to estimate the inference function from a set of chiseng
and their labels throughductive learning

- Once learning has been performed, we can predict the interpretationgebf no
obsenations.
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 Learning as function approximation

Learning machine: an algorithmic implementation of soamaily of functions
f (x, a) wherea is a parameterector

Loss L(y, f(x,a)): a function measuring the discrepanetweeny and the
approximationf (x, a) found by the learning machine.

Risk R(a): the loss intgrated oer the joint probabilityP(x, y)

R(@) = [ L(y, T(x, a)dP(x,y)
- Learning aims to find a functiof(x, ap) that minimizes the risk.
- In this conteat, inductve learning can be defined as a problenfuwictional

approximation by risk minimization

» Examples of loss functions
L(y, f(x, @) =[y - f(x,a)]?
- Corresponds tsupervised learning

- The function to be approximated in this casg|[ig/x] (calledregressionif y is
continuous oclassificationif y is discrete)

L(y, f(x,a)) =-log p(x,a)
- Corresponds tonsupervised learning

- The function to be approximated in this case ittfef x



« Empirical risk minimization
- The &pected risk cannot be minimized directly becaage y) is not knavn.

- One approach is to approximate the ri&ky the empirical riskRemp

1 M
Rem;{a) = ™M mél L(Ym, f(Xm, @))

- The least-squares method minimizes the Valhg empirical risk:

Reml@) = 3 2 Y= f Gt 1

(-8 L(Yms f(Xm @) = [Ym — F(Xm, @)]%)
- The maximum likelihood approach minimizes the folling empirical risk:

M

Rem{®) = = 5 Z 10 Pl )

(i.e., L(Ym: f(Xm @) = —log p(Xm, a))

» Capacity of leamed functions
- Minimization of the empirical risk does not guarantee good generalization.

- To guarantee an "upper bound on generalization error", statistical learning the-
ory says that theapacityof the learned functions must be controlled.

- Functions with lage capacity are able to represent yndichotomies.

- Need functions whose capacity can be computed (a frequently used measure for
the capacity is theapnik-Cherenekis (CV) dimensionality).

- Support ¥ctor Madines functions of appropriate capacity are chosen using
structural risk minimization
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» Constructing a leaming machine

(1) Loss functionregression, classification, pdf.

(2) Family of functionsmulti-layer neural nets, radial basis functions, linear dis-
criminant functions, Gaussian density functions, mixtures of densities.

(3) Learning algorithm:minimize some approximation of thepected risk.

* Bias-variance dilemma
- Simple parametric functions with only adgorarameters introduce a strong bias.
- Functions with may parameters are more \erful but introduce high ari-
ance.

Learning as density estimation

- Bayesian inference is based on estimating the density function.

P(X/y)P(y)

P(y/x) = P(X)

- This is the most general andfditilt type of learning problem.
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Linear classification and regression

 Linear functions
- Linear functions can be written in the form:
f(x)=(w.x)+b

- WhenN=2, then the ab@ equation defines a line (a plane gplkrplane ifN >
2).

<figure3.4 Gong>

- The position and orientation of the line are changed by adjustifg (vhere
w is the normal to the line.

- For a two-class problem, a linear classification function has the form

f(x) = sign((w. ) + b)
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 Learning using linear functions
Using SVD

- The classical least-squares method can be used to determine the parameters
(w, b).

- This can be done by minimizing the empirical risk:
1 M 5
Rem;{a) = ™M 2 [ym— f(Xm, a)]
m=1

- SVD can be used in this case to determine the parameters.

Using SVM (Support ¥ctor Machines)

- There are usually mgrhyperplanes that result indoempirical risk using
a gven data set.

- We reed a method that alle to choose ayiperplane that yields Vo gen-
eralization errar

- Statistical theory says that the optimal lingdkerplane is the onewgng the
largest magin of separation between the classes.

- SVM implements the optimalyperplane.

Using NNs (Neural Netorks)

- We will consider the multilayer netwrk trained by the backpropaigpon
rule. -This model minimizes the empirical risk.

- Can directly construct the decision boundary based on training data, with-
out estimating the probability density of each class.

- The decision boundary can be highly non-linear
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Nonlinear classification and egression

- Successful inference is nowadys possible using only linear functions.

- We @an obain &milies of non-linear functions by transforming the inputy a
set of non-linear functiong,(x) calledbasis functions

f(x.a) = k%wwk(x) +b

(a are the parameters in the abe)pression)
- The basis functions together perform a non-linear mapping:
¢o: RN - R*
where®=[¢;(x),¢2(X), ..., ok ()]

- Certain forms of basis functions will aloany continuous function to be
approximated to arbitrary accuyaasing f (x, a).

- Multilayer neural netarks (e.g., back-propatjon, radial basis functions) are
examples of models for estimating the parameders

- Support \éctor Machines can also be generalized to handling non-lirgrasre
sion/classification.



