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Wavelet Transform

* Limitations of Fourier analysis

- Fourier analysis cannot not ptide simultaneous time and frequgnc
localization.

* Frequency domain localizationf the signal is a sinusoidal, it is bet-
ter localized in the éurier domain.

* Small changes in frequenavill produce changesverywhere in the
spatial domain.

Original Si |
Amplitude ginaiSigna

(impossible to say where in time the high frequencies occur)

* Spatial domain localizationif the signal is a simple square pulse,
then it is better localized in the spatial domain.

* Small changes in the spatial domain will produce changes/e
where in the frequegyaomain.
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- In Fourier analysis, the basis functions are set (i.e., we cannot "customize"
them for a particular application).

- Fourier analysis is more appropriate for periodic signals or signals whose
statistical characteristics do not changerdime; most signals found in
practice, hwever, are finite, aperiodic, and timeawying.

- It takes a lage number of &urier components to represent a discontinuity
or a sharp corner

* Multir esolution methods and weaelets

- Mary signals or images contain features atious scales, it is di€ult to
analyze them without some kind of multiresolution analysis.

Polle hallo Govo

(a) (b) ©)

- A wavdet representation of a function consists of a coaresal approx-
imation together with detail cdefients that influence the function an
ous scales.

- This allavs for a more accuratecal descriptionand separation of signal
characteristics.



» Wavelet expansion

- A wavdet is a "small vavé', which has its engly concentrated in time
(this is in contrast to sinusoidals which/banfinite enegy).

- Any gven decomposition of a signal intoavdets involves just a pair of
waveforms (mother wavele)s

- The two shapes ardranslatedand scaledto produce \avdets (vavelet
basig at different locations (positions) and onfdient scales (durations).

- The wavdet transform represents a signal as a sumavdets with dif-
ferent locations and scales.

f) =3y cp@t-i)+ I3 dy@t-i)=
I (.
;;dwm+;§w%m)

where time or space is parameterized bpd scale by;.

Note: for the Fourier series, there are onlydvpossible alues ofl, zero
andz/2; the \alues| give the frequeng harmonics.
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» Multir esolution properties of wavelet expansion

- Fine-scale wvdets are narne and brief and coarse-scaleawdets, wide
and long-lasting.

(1) The location of the avdet moves & i changes (this alles the
expansion to plicitly represent the location ofents in time)

(2) The shape of theavdet changes in scale gschanges (this alles
a representation of detail or resolution).

(3) As the scale becomes findre steps in time become smaller (this
allows representation of greater detail of higher resolution).

- If the basis functions are made half as wide and translated in steps half as
wide, they will represent a layer class of signalsxactly or gve a letter
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approximation of apsignal.



* Properties of wavelets

Time-frequeng localization: vavdets allav simultaneous time and fre-
queny analysis (i.e., it can tell us what the location of a feature is in the
time domain as well as what its frequencies are).

Multiresolution conditions: if a set of functions can be represented by a
weighted sum ofy(X — 1), then a lager set (including the original) can be
represented by a weighted sunyd2x —i).

Sparsity: for functions typically found in practice, mai the coeficients
in a wavdet representation are either zero erywsmall.

Lineartime complaity: transforming to and from a avdet representation
can generally be accomplished in linear time.
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Adaptability: unlike Fourier techniques, awvdets can be adapted to repre-
sent a wide ariety of functions (e.g., functions with discontinuities, func-
tions defined on bounded domains etc.).

(1) Wavdets are well suited to problemsveolving images, open or
closed cures, and sudces of just about givariety.

(2) In contrast to &urier analysis, @avdets can represent functions

with discontinuities or corners morefiefently (i.e., some ha darp
corners themseds).

» A simple example (Haar basis)
- Suppose we are gen a 1D "image" with a resolution of 4 piis:
[9 7 3 5]

- This image can be represented in the Haar basis awg$ollo

1. Start by &eraging the piels together (pairwise) to get awn&ower
resolution image:

[8 4] (averaged and subsampled)

- To be ale to recwer the original four piels from the tw averaged
pixels, we need to store sondetail coeficients which capture the
missing information.

Resolution rerages Detail Coeficients

4 [9 7 3 5] [
2 8 4] [1 -1]
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2. Repeating this process on therages gies the full decomposition:

Resolution rerages Detail Coeficients
4 [9 7 3 5] ]
2 [8 4] [1 —1]
4 [6] [2]

3. The Harr decomposition of the original fepixel image is:
[6 2 1-1]

- We @an reconstruct the original image toyaesolution by adding or sub-
tracting the detail co@€ients from the laver-resolution ersions.
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» 1D Haar wavelets (formal tr eatment)
- Let’s think of 1D images as functions:

* Consider a one-ped image to be a function that is constaméro
[0,1) (we will denote b))(/0 the space of all such functions).

* Consider a tw-pixel image as a function Wiag two constant pieces

ove the interals [0, 1/2) and [1/2,1) (we will denote M/l the space
of all such functions).

* Continuing in this manm,al’\/j represents all the?j-pixel images
(functions haing constant piecesver 2! equal-sized intemls on
[0,1))

+ VO vl VI define a hierarchical representation.

VO subset V¥ subset .-+
(every vector inV ! is also contained i '*?)
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- Let's define a basis fov !

6l(x) 1= 92 x—i), 1=0,1,...,2-1
(scaled and translate@énsions of the box function belp

01 ifosx<1

#(x) = BO otherwise

- Supposer_ is the orthogonal complement W in VjJ’_l (i.e., all the
functions inV ' *! that are orthogonal to all the functionsviR)
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- Let's cefine a basi:;vij for W/
vil(¥) =y (@x-i), 1=0,1,...,2-1
o1 if0sx<12

w(X) =1 ifl/2<x<1
B 0  otherwise

- Comments about the basis functicmé:

* The basis _functiongarij of W/ and the basis functionjqi of V) form
a hasis forv 12,

* We an think of thewiJ as a means of representing the parts of a
function inV*! that cannot be repr_esented\lﬁ (i.e., the detail coef-

ficients ae really coeficients of the,uij).



-14 -



-15 -



-16 -

The important features of a signal can be better described not bywsmgj

increasingj but by using z//ij which span the diérences between the spac

spanned by, .

- Decompositions off (X)

using the basis functions '

f(x) = c§o5(x) + C1PT(X) + C395(X) + C505(X)

es
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using the basis functions ¥A* andW?

Ve=vi+w!

f(x) = codp(X) + c191(X) + dgwo(X) + diyi (X)
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using the basis functions W°, WP andwW?

VZ=VI+Wi=vOo+WOo + W1

f(x) = cogo(x) + dowo(X) + dovo (X) + diwi(x)

- The four functions shen abae mnstitute the Haar awdet basis folV 2.



* An example
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» Haar scaling functions and waelets

- In general, a function can be represented as vsllaising the Haar
wavelet basis:

f)= 5 cot-+ 3 3 dy@t-i)

i=—o0 i=—00 j=0

- The functionsp(t) are calledscaling functionsind the functiongs(t) are
calledwavelet functions

- For each increasing ingej, a finer resolution function is added, which
adds increasing detalil.
» Orthogonality and normalization

- The Haar basis form an orthogonal basis (nwotayd true for other
wavelet bases).

- It can become orthonormal through the foliog normalization:
0)(x) =V2ip(2)x ~ i)

v (x) = V2iy (2 x - i)
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* Filter banks (analysis and synthesis)

- The lower resolution coditients can be calculated from the higher resolu-
tion coeficients by a tree-structured algorithm callefiltar bank

- The filter implemented bfag(—n) is a lovpass filter and the one imple-
mented byh,(—n) is a highpass filter

- The higher resolution cdafients can be calculated from thevier resolu-
tion coeficients too.
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» Lowpass - Highpass filters

Haar

1
LOWPASS: — [1 1]
V2

1
HIGHPASS: — [1 —1]
V2
Daubechies

LOWPASS:_i[l +vV3 3+V3 3-V3 1-3]
42

H|GHPASS:_i[1—?/3 V3-3 3+V3 -1-vV3]
42

» 2D Haar basis

- To construct the 2D Haar avdet basis, we need to consider all possible
outer products of 1D basis functiorstgndad Haar basis.
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» Methodology using filter banks

- Mary filters, including the Haar basis, aepaable which means that we can
convolve their 1D counterparts first with thews and then with the columns.

- The wavdet transform breaks an imagewdo into four subsampled images
(subsampling is done byekping gery other piel).

1. Convolve the lavpass filter with the nws of the original image.

2. Convolve the highpass filter with thews of the original image.
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3. (lowpass - lavpass) Cowmolve the lovpass filter with the columns of the
image from step 1. Subsample this result by takusgyeother \alue.

4. (lowpass - highpass) Caoive the highpass filter with the columns of the
image from step 1. Subsample this result by takusgyeother \alue.

5. (highpass - lwpass) Cowmolve the lavpass filter with the columns of the
image from step 2. Subsample this result by takusgyeother \alue.

6. (highpass - highpass) Cmive the highpass filter with the columns of
the image from step 2. Subsample this result by takiay ether \alue.

(images need to bextended periodically tovaid problems with the
boundariescircular corvolution)
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» Convention for displaying the results

- The wavdet transform can be appliedag on the lavpass-lavpass er-
sion of the image, yielding gen subimages.

- We @an continue this procedure in order to get 10, 13 etc. subimages.
- This process is calledultiresolution decompositiaof the image.

- Note that the transform contains spatial information (i.e., the image itself
Is visible in the transform domain).
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e Inverse wavelet transform

(1) Enlage the vavdet transform data to its original size (insert zeros
between eachalue).

(2) Corvolve each of the four subimages with the correspondirvgrge
(lowpass and highpass) filters.

(3) Sum the results to obtain the original image.

(4) For the Haar filters, the werse filters are identical to the foawnd filters.
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(5) For the Daubechies filters, thevarse filters are

LOWPAS%V:H:LZ[B—?KS 3473 1+4Y3 1-V3]

HIGHPAS%\,:ﬁlZ[l—?B -1-V3 3+V3 -3-V3]
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» Wavelet paclets

- Wavdet paclets (and cosine paets) are intermediate betweeawdets
and sinusoids: tlyeoscillate maw times, lut are still localized to a genent
of the signal duration (i.e., thdavea location and durationub also hae
an oscillation like snusoids).

<figure5_Spectrum>

- Like wavdets and sinusoidsyery signal can be represented uniquely as a
sum of vavdet paclets.

- They can outperform (i.e., sparser representations) classaadets and
sinusoids in representing locally oscillatory signals or images (e.g., digi-
tized music or teture).

- Wavdet paclets can be computed @(NIlogN) time (using generaliza-
tions of the filter bank algorithm).



